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HCS) QC D) est = PCs ) est

Hls ) QCs) #=
PCs )#

Transfer

Hcs )= Paly | → Function

st of the
matter

system



NCH
µ , yet

at 0 hithas
{ die

total Response zero input zero state §
YCT) = YOCA + Yzsct )

b. sets -1 Payne't

= { a
edit + seat *heart uetl

:
-

o
'

Natural Forced

= To + yqct)

= silent + yipcts
:,0+

QCD ) Yet ) = P( D) sects

Tv
roofs →

Char . values



Sohn of
zero input → characteristic Modes au€
Zero state - characteristic Modes

+ Forced Modes

Natural - characteristic Modes

Forced → Forced Modes

%DEt.pk#oaeattnohCt)z=rtjo-H(zj=Ptt)QC7

)



ncttat2t2b_Mq_w-pzetBittPoCaseiFt-C@sTe-stjwt70T-Ogw-ootnCt7-Cet70yCa.H

(F) Ce°t tzo

do

= C Hlo )

= C PCO)

E)

QCD) yet ) = PCD ) sect )

(122+312+2) y Ct ) =3 Dxct )

=@D2t3D+o) act )



case

g±yM*_ pteat
e-

Case 3 jwf
-

sects = e
,

tzo 0=0

jwf
YCH = A Cjw) e t 70

Case 4
-

na = Cos wf
,

t 70

=↳[ewt+eM] ,
to

yct ) = lz [ Hcjwewtt Hfjw ) Ejwf ] no

= IHCJWH Cos ( wf  + Lttlw )



*

(15+312+2) YCH = ( D + 3) xct )

y ( ot ) =3

jcots = 5

yen for nets =

E4tuc⇒
.

Ya→= Fca + yo ,( ⇒ →
Hcssestuca-4T

- t - A

= Ge t Cze +

HE4)
e uct )

HCS )=st3_
52+35+2

yet )=[Gett got -tge4]uct7



stability

System
→ LTI Causal

zero - input for any
initial conditions

2 . ( internal )

1 .

zero - state for any Input NCH

( external )

Bounded Input Bounded Output
[ 131130 )

|xCH|

§
K

,
< a tt convolution

nEhfTj_YCts-fYnceuCt-adeNsCt71-fBTectlhCteIdTfuqa@ttEk2HVtsfggpnmy1nct-tJB1BOstable-aEKif1hCttYdTtDlhcEtsldeEk.l

< a

→Kz=
K

,
K

,

'
< a



For BIBO stability ,

f§µCe)|da< •

p
chofodu

.

b. SCTD + PCD ) ynce ) uca )

i. stable

.

2 .
Unstable

3 . Marginally Stable



2 . Asymptotic Stability ( zero input )

QCD ) you = o

L
Roofs where they lie

.

Location of roofs zero - input  response

jw Dyoct )=° you

Marginally
stable C*

t

jw ^ ( D2+k)yoCt7=° you
2 .

K > 0

Marginally
-

- - - - -

stable

* WT*
-

- - -

Yo Ct ) = cos Cwf )



Cast
QCTD has distinct roofs .

you = c
,

eat + czethtt .  .
.  + cnednt

Casey
QCX ) has one soot with

'
r

'

repetitions .

YoG7=@+ cztt . .  . +CREDIT cm ,
eat 't

dnt
t .  . .  t Cn e

Casey one pain of

QC a) has complex roofs .

r

complex conjugate roots 2+jp ,
a .jp

( a jpdt

you C ,
#B) the + .  .

.  + cnet.nl
- s

L
eatfgespttcespt]:÷EE*aEI÷÷¥D÷÷÷÷



jw you
3 . (p+k)yoC⇒=° , at

k > 0
.

←
Cb

stable

\

:
T O

'

t

4 '

i°
( ,

. a) yoc+s=o
TH

kt

Unstable
k >

° µ

:- T

jw
5 '

.

←

cedtcosestto
'x.. . -

- p
a < °

Stable

k°,ThT:
- . . .

→ #



jw your
6 .

c
ethos

(13++0)
a > o

unstable
B - -
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-

° in . µ→
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#
\

jw payout you )

7 .

Unstable

*
o r

jo @+wrtyo 't '=°
you

'
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•
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Asymptotic ( zero - input ) stability
- yoeh=sa§t

An LTI Asal system is

a) stable if all the characteristic

roots lie on LHS of the Crtjw ) plane

( Real part  is negative)

char .

the roots

b) Marginally stable if some of
~

are simple on jw anis and all other char .

roots lie on LHS of the Crtjw ) plane .

C) Unstable if
or

all

i ) some
,

of the char .
roots lie on

the RHS of the Cgstjw ) plane

( Real part  Is positive) .

all
ii ) some

or
of the char .  roots are

r

repeated on the jw anis

and the other char .

roots are on
the

LHS of the Crtjw plane



1
. zero - state stability ( BIBO )

)§ that ) It < a →
BIBO stable

£
char .

modes → 0 as t  → a

when
all char .

roots lie on ZHS of Cttjw )

plane .Asymptoticallystable ⇒ BIBO stable

⇐

Asymptotically Unstable ⇒ BIBO Unstable

~

AsymptoticallyMarginally ⇒ BIBO Unstable

^
stable -

YoCH= ga .
@hit

hct ) = bosch + PCD) { a
' edit uch



Chat for stability of LTIC system
-

i. Asymptotic :(
zero - input )

QQ ,
y

stable

→ Marginally stable
moots of

→

www.fow#)
2 .

�1� 1130 ( zero - state )

.§%Ch1dt< a ⇒ 131130 stable

e.
. DZ ( D - 3) yCt)= ( D + 3) sect )

Asymptotically Unstable ,
131130 unstable

2 . D (15+312+2) YCH = @+ 4) net

Marginally stable ,
BIBO unstable

3 . @2+2 ) YCH = Duct )

Marginally stable ,
BIBO unstable



Ltlcausalsyskms

÷#?
A set '

BIBO

Response Time Stable

-
Sla

µ ,c HCA

AHHqhlto )

T.LA had - - .  - - → Ideal
'
,

it Tn → a

ii.

ftp.#nadti
,

to
'

n' to t

Area under T.CH= Area under hct )

+ a

Tnhcto ) = f hchdt

Practical Tu
=pt*→§n¥dt



^ Response Time

.
Rise time

j :
.

Time Constant
← -

-
At T

eg. LCH = e UCH

q= i. ftadhetsdt = §e→tdt  = to

time Constant  = In =
1-

Chan .

roof

Steprespouse

LTIC

uct ) yct ) → Step response
hct )

= uct ) * HCH

help*
in

t



÷ t

huh

Tu t

yet

T- - . - -

h

h t
s->

Rise Time

time Taken for output to raise

from lot . to 90-1 . of the steady state

value .



Filtering
Sinusoid

ha

f. < f ,

in +

Tz 771
nft ) yet

'

fit .

MMM + mm
÷

.

net '

yet )fits#+
µ

#

For some f
'

st fz < f 's f
,

f '=t , ,
where T

'
= Tn or f '=tq

to =f ' → aft.IE



fe :} →
BW / cut off

freed

of LPF

=L ^

BWRagtime ¥>°

Informational fe

& BW of the system

Spacing blue

# → pulsesa- Ft ah!a # Rate of pulses
0 7h +

No . per Set

a Bw=÷



Puhedispersion

FYFE -
set '=na→*u+ ,

Tnt Th
^

, r¥ its #
o Tntk

Resonance

÷t )

⇒§.athgkf
Yet = A ÷[e't.ee'T

= Adt [ i - e-€9
.

[ i .
Itt ] e-

him
← ° e-

= kind t.IT = t

YCH = Ate
#

A = Ijw
YCH = At Ascot



⇒ form

- Laplace

- Heaviside

For a signal nct )
,

Bilateral LT

+ A

LT XC5) = / net ) Estdt s=rtjo

:ja

IH NCH = f XC s ) estds

c- ja

# net )= jatuc ⇒ ← o too

,
a >o

×cs1=
§ eatestdt = § etstattdt

+ ve

- Cst a)

E
a

=.÷I1=o±t⇒÷.

Re@ + a) > 0

e-
's + a) t.ec#a7t.et@_opecs

) > - a ROC



eg2 - at
- NCt7= - e uGt) a > °

2

0

XCS )=
-fzatestdt:
fjeotatae ... . [ III ]:

= I [ Iota
't ) }=s÷a[i - o]=±

- Sta
sta

Re(s+a)< O ⇒ ReG)< - a

s . plane
NICH - atuct ) Roc

for jw
e much Roc for

x. Ct )

=atwcHta eotwett 1
X

'

,

ath;£atuea . a
r; '

t



Unilaknaltapbhmsform
a

XCS ) = f nets Estdt

5

- NCH is causal signal ( impulse response)

Existence
a

XCS )= f nctiestdt

olxcs
)1< a

⇒ | Hachette sit dtl < a

↳ < ftp.cnet/1eotIdt
11

<finlnasetttht



Find when

o§ln⇒e±ldt<
a

nct ) E M ett to > o

§ lmerotertldt to

To - T < 0

pottyfor egl . To = - a Recs) > - a

Properties

÷A- µ - x. ( s ) LT is linear

Nzct ) Xzls )

a ,mCt)+aznzCHa,X|( s ) + azxzcs )

For finite duration signal nfct )
,

LT Xfcs )

always exists with Roc → entire s - plane .



l . net'M±- XCS )

nct - to )uCt - to )
,

to > ° -

storey
-

e xcs )

to

§nCt- to )uCt - to e→tdt t.to = t
'

t '= - to

dt=dt
' t.sn

a t
'

= a

= fact' )u±ye- sctlttddti-to
ietgoonct

's est 'at '

= Este XC s )



2 . * D= × 's '

netted -

Xls . so )

To
.

nets esotestdt = fences Is
' ' tat

= X ( s - so )

3 . * Meles
'

¥"sM±_ sxcs ) - nah

§ FancyEustdt 
=

Etna IF ffkasesiestat

= - xco
' ) + s §nets Estdt

= s X Cs ) - x cos



a.g.
na ' estdt

as
a

-

= §dz[Fetnaifestdt

= s L [ inch ] - iccot

= s [ sxcss - not ] -
in cot

= 52 X Cs) - s Nco
- ) -

on (5)

d
"

seat -27 s
"

X Cs) - smkco )

Itn
-

sntjeco ) .  . .  .
xmcot



4 . Integration

* F- xcs )

of '±in±-x¥
fntnuoda d- ×gI + Inside

5 . Convolution

nft) -£ X. ( s )

malt ) Is Xds )

niutxnact Is ?
+ d

n , CH * nzctt = J n
,

(e) nzct - 1) IT

- a

L ( mica * Mca ) = §
"

fgnn.ci) met . ⇒ da Estdt

t - Zet
'

=ftp.t/n.ce)nzCttesltl+tohedt1dtIdt
'



= jjfucaesede §|mcesestldt '

= X ,
Cs ) Xzcs )

X Cs) HCS)

Zero - state

* Ty -

¥
" " ⇒ * " t '

conversion

±a±'
'

EE.EE'±:*
HCD = § hctsestdl →

Transfer function

LC hat )

Multiplication
Convolution

MCA . arch € 2¥ X. Cs ) * Xzcs )

÷L



Inverse Laplace Transform
-

a Rational Functions PCI
QCS )

N M M I N

QC D)

y.CH
= PCD ) net )

zero initial conditions eg

Dkyct )
Is SKYCS) (D2t3Dt2)yH=Dn⇒

Dknct ) d- sk XCS ) (52+35+2746)=5×61

D= d-

Zero - state Response
dt

QCs ) YC s ) =
PCs ) XCS )

zs

Yzscs )
=

PCs ) Transfer
HCS) = -

-

xcs ) Qls ) Function

hat :[
'

( His )
Yzsca =L

' '

( pack
,

xcs ) )



*
( D2+3Dt2) YCH =D acts

M< N

Hu=hfy÷
,

=

'2¥,
= sIF+z

s f. actions

Cast
= s÷ + k;=,

Partial

Sub . s = -2 hiding stz on LHS

k ,
= 2

kz =
- 1 sub S= -1 hiding Stl on LHS

Hes '=s÷g - s÷,

edicts 4 sea

has = ( zett - Et ) UCH

91 ( D2+3D + 2) y Ct ) =

(122+212+12)
nct ) M=N

His " k¥9 = Pays
,

=

shoeS2t 3 St 2

s2+zs

-112same =
' + she + s!÷

,



52+25+12

Hiskey

=
' t ¥2 + sh÷

,

k
,

=
- 2

kz =  + I

HIS ) = I - 2- + 1-
St 2 s + 1

- Sco )

LCSCTD = § setfestdt 
= e

= 1

ha =
sets - (2e-

A
+ e-t) acts

M > N

s2+zs +2
Yzscs)

# a) = #
= sts÷ =

ftp.#xcsi-
zt Yzsltt

hat =(£ +2e ) #
= (data , +

retina
w



His )= PCI
QCs)

Roots of PCs ) - zeros of the

system .

Roots of QCs) -
Poles of the

system

→ Chan .
roofs of

the system .

eg . Stl
- HCs)=@zTatD

jw
o s zero

× → Pole ( char .
roof )

X X 0



Given Hcs ) = PCDQLS
)

Compute roofs of QCS ) =o →
Poles

char
.

roofs

' . Asymptotically stable

iff all poles lie on LHS of s . plane .

( simple prepared)

2 . Marginally stable

iff some simple poles on the jw . anis .

Other pots are on LHS of a plane .

3 .

Unstable

iff a) some repeated polls on the jw - anis

orland
b) some poles on RHS of s . plane .

01 Acs ) =
5- Unstable

S - 2



Tofalthesponse

G '

(D2+zD + 2) yet ) = ( D + 3) KCH

yCot=2 , jco ' )= I
,

seat = Ettuct )

XCS )= 1-

Compute yct ) .
st4

LT s2y( s ) - if(5) →yco ) + ZSYCS ) -3967+246 )=eIJXst 4
v

(5435+2) Ycs ) - zs -6 - 1 = 5+35+4

( s2+3s+z)Y( s ) =
Zst 7+5+35+4

Ycs )=
25+7 s+3

=2+35+2 @+2) CSTDCSTY)

YCS ) = Yocs ) 1- Yzs ( s )



Signal Representation
.

Vectors
2

Zin- - - . . - . .

R

de

^
I =cy→ + e→ ✓

i.
10 I I = cy→ + dz→

→ →
I CY t Y

Faso

Inner Product /Dot Product

p =p
←

I. J = 111171 cos •
7 .J=|TPoso

LD 0=0

F. 5=17/2
CM

)

=|xTws•

L @

c1JP= 1×4151 aso

From �1� & �2�

c I. i. I. T ⇒ c= ftp.YJI



sect ) , ya → signals test Eta

xct ) = C y Ct ) + ect ) for which ect )

is min .

ect ) = sect ) - Cyct )

Find C for which

* etch It is min .:
- §

,

"

Cnut - cyctstdt - El)=o

.§3z[ n' Ct ) +c2y2ca - zcxcaycts ] It  =o

c*= ¥ ncthsatdt Ikea ychdt

-
= -

§t2y2ct)dt
Ey



: ict )
,

xzct ) → orthogonal

§
"x .CH nzcttdt  =o

tfghcmch .in#5dt=aPm2ehdttfYnEcadt

En
, + xz

= Eu
,

T Enz when n , ,xz

→  orthogonal

#zy 1

3

s FER

Re: I=qxT+qxT+e→

⇐→1 / →

- ii × , →

c ME
- .

ti q = 5¥
* ,

-
- - -  ' *

I. I

( Tx,
+4¥

cz = III
- Is .→XzInclude +3

8.53
↳ =

Is 5=9×7+472+353



N

Signal acts = { an met ) + eat
n=|

finances .

=L !n;nIm

N

ect ) =
NCH - { Gnnct )

h=|

Find C
, , Cz , . . . , Cn such that

Ee = {
"

Eat It  is minimum .

= §
,

"( nut - ⇐ cnn.ca } It  is minimum

↳ I ( ) =o * i. 1,2 ,
.

.  . /
N

Jci
tz

cn =

§%u→ much It Eifnecadt
ti

#



sub

a En =

£2 nets matdt in →

§ ( xca - Easement It

= fetch + ( §
,

a meat . 2 seatGannett ] It

NI
= Kindt  

t.tn#l.amchTdteaengfYasuasattz
N - From �1�

= fsicadt + fattened meat atcnn.eae.eut ,

-2 E.

Eu §atgthniehdt - zgngaien
÷

 n N
= En t §

,

Cier - 2 Eaten
N ,

Nz . - . AN

N
N

,

=
En - E.ie n

; [§]= Herget → Eats
,

nn
,

fault ) nmctldt



n.CH an

- sect )

(÷Dw⇒
... £ an .

÷Nnct ) = { Axnct ) + ect )

n=1

As n→ a

Ee = 0

or
*

En = Screen
n:=) sect ) = { Cn knct )

n=1

0
,

m tn

ftgtmchnmct' dt  = ( En , m=n



Trigonometric
Fourier Series

.

met )
N Ct ) Osts To

Cosot

{ IFCos not
,

Cos 2wot
,

.  .  .

sin root ,
sin Zwot ,

.  .
. }

wo = }l÷ - radian frequency (fundamental)

To - Period

A

sect ) = Ao + { fmcosnwot + bn sinnwot )
n=|

wo To = ZI

xctt To) =
out ⇐ ( an Cos Cnwottnowoeo)

+ bn sin Gwottuowohf)
= Ao t §

,

@ Cos Cnwottztu ) -1 basin Cnwot  +2¥

= aot £( an cos nwot  -1 bnsinnwot ) = net )

n =L



sect ) → Periodic with period To

§nadt
 = § aodt + o

a=÷iI: ~W
To

An = ↳ Nets Gsnwotdt

-

§ Cosihnwotdt

=

f. NCH Cosnwotdt
= § nctscosnwotdt

⇐tztaosmhsotnfdt { f. at

An = }
. f. xctscosnwotdt



bn = If { not sin uwot It

Orthogonality

÷
.

Cos nwot sin m wot It

= tz § [sin Cntmwot + sin Can ) not ] It

÷
.

Cos nwot cos mwot It

= lz § [ cos Ctm ) wot  + cos Cn . m ) wot ] It

n tm

= O

f. sin nwot sin  mwotdt

= § § [ Cos Cn - m ) not - cos Cntmwot ) dt

n # m

= 0



plztlzcosznwotn=M

§ cosrhmootdt  
= TE

§ siihnwotdt  
= Te: To

atto

f dt  =
To fdt  = To

1
b

a

a

xct ) = aot { [ ancosnwot  + bnsinnwot ]
n  =\

an = }z ] nctsasnwotdt

bn  = 2

To § NCH sinnwotdt

ao= I
To § sect )dt

xct ) → even
,

bn =D A n=l ,2 ,
...

not → odd
,

ao=o ,
an =o tn=44 .  -

.



eg

.

.

1 1
1

,
1

,

1 ' | To 1

1 1
-

l
1

z t )
2

,

1 #
10

Trigonometric Fourier Series - Compact form

⇒
+7=6+2 a Cos Cnwott On )

n=l

= G + In @cosoucoscnwotstnsingannwng

ao = Co af + but = at

an = a cos On a = ME

bn =
- a sin On

- by =
tank

a.
=

tai 'fb£ )



; wot sinwd
an ,

bn

coszwot
sia2w°t - met )D: f÷÷Basis

e.

Functions µ

FEDIE
"i . ,

wo = 2¥

net )

2-

I 00

met '

.
. . m M

, Mi -
i

>
- +

lo 100



Periodic signal with period To

fo=t%Hz wo=2zI = zitfo
radls

Time Domain Frequency Domain
Basis Signals
{ 1

,
Coswot , cos zwot

,  
. . . }

NCt)= xcttkto)
n so

,
t

, 2
,

Amplitude

spectrum

k= o.tl ,±2 , .  - . { co
, G , Cz ,

. - . }
Phase Spectrum

{ o
,

a
,

02
,

.  . . }

Wo = ZII
To

Amplitude spectrum

nw . Vs a
µMmf

or n Vs Cn
← % →

Phase spectrum

nwo Vs On

n Vs On



Exponential Fourier series

÷
t ) → Period To

at

"{eot
, teiwot

,

ettjwot
,

.
.

. ] → Baggy

+ a jnwot I ,y→ E ¢
"

NCA = { Dn &

<×→,g ) #

F*
in = - a

Dn = § nct ) It "w°tdt nets
, ya → compare

touts y*cadt
;

⇐einwot
.

ziawotdt. jnwot
Dn - ¥

. fuca e at

To /

§
ednwoteimwotdt

= {to ,n=m
0

of eicnmswotdt
,

ejcmnhw"o¥ "

Too .

/o÷0



+ a jnwot
RCA = { Du e

n= - a

(Ct ) = ao + §f @cosnwot  + bn sinuwot)

+ a
>

sect ) = { Dn ( cosnwot  + j sin nwot )
n= - a

a

= Do + { Dn ( cosnwot + jsinnwot )
n :+ { D

. n
Cos uwot - jsinnwot )

n = 1

Do = ao

An = Dn + Dm

bn = j ( Da - D
. n )

bn = j ( Dn - an + Dn )
I

3
'

Dn = bn ←jan Du =

lgfsbntjan)

Dn =L Can - ibn )



In = an - Du

= an - lz ( antjbn )

In•

a
D. n=}@ tsbn ) ¥2

•

Do

;go
, Dn=lz Can

.

- Ibn )
,

D- n=lzC antjbn )

|Dn| = ID.nl = ¥6 ) = } Fbi

G=anFtbi
,

On = tanifbna)
=£C "

⇐ = - ⇐ = On

Amplitude spectrum

|Dn| Vs nwo or n Even

Phase spectrum

⇐ Vs nwo or n Odd



Time Domain Frequency Domain

-

Periodicity
Discreteness

2h

Exponential

- zwo - Zwo -
WO ° w° Zwo 3 wo

Cn

trigonometric

0 Wo Zwo ZWO

BW=3wo

Paasenalbthom Fourier Series

pn= art }{e.ae Consumer

+ a Power

Pn = { IDNP
n= - N



acts = C
,

Cos ( coot  + O , )

T

Be
,

=

jhjma ÷
, f C ? cos @ ott a) It

0

= tiny ÷ §a2f±+ aszcwotfatifdt
lg

c ?H= 1 =%
= ÷

Rich + Nz G) = C ,
Cos ( Wotton + Cz Cos Czwot  +02 )

Pxnxz = ¥ + CI

HfH=
D

,

ejwot

Be
, ;k;±,

§ ID ,
dot Pdt  tint§ la Pdt

t:
- ytID,124 = ID ,

12



MCHT xzct ) = D ,
ejwot , Dz

@J2wot

Px
,

-1×2
= 112,12 + 113212

Convergence in Mean

⇐E)
- Periodic with To

to jnwot
{ Due

n= - a

N jnwot

RNCH ={Dn e

n= .
N

§ Inch - xnctspdt - 0 as N → a

Dn Ld

Dn - ÷ { nctsejnwotdt

:nwot - jsinnwot
BIBO

stable

§ lxctsldt < •

safety -
ha



Periodic

Dinichlet Conditions for sects to have a FS

÷
eh is absolutely integnabk over

period To . §1nc+Hdt<
a

2 . Uct ) has finite number of finite

discontinuities over period To .

3
.

nct ) has finite number of  mamma

and minima over period To
.

Gibbs Phenomenon

i÷A¥
.:

- p as N→d

znfo -Znfo

#-) Nfo → freer .

Nlfo



Periodic signal - x%C⇒

Aperiodic signal - xCt7

LTI system
stable

N%Ct )

hct ) Yeoct )

+ •
jnwot

.

+ A

={ Due Dnytcjuwoed
"w°t

n=→
-

zero  state
= { -

n=
- t

,
HG) Dn

µjw=S + a

Hcjw you = { Dn
' ejnwot

-
n= - A

Dn
'

= Dn Hcinwo )

t.tn#io=Ii*Itag;.

= ejwt facile de

- a

= eiwt A ( jw )



Fourier Transform (a)
.

Periodic n%CH

<
^^ ^^

>
- a o To •

Aperiodic sect )

< A
>

- a o
a

him x%CH =nCt )

to > a

+ a jnwot
Ngo G) = { Due -0

n= - a

+ a

- jwt

DefineX(w)=) acts e It
_@

- a y FT

Tolz
isnwot

dt -30Dn = I f x%h e

- 1012



IDNI

. .  . - Zwo - wo wo Zwo .  . .

it -2¥ ¥ ¥o
To

As To → a
,

1 . Spacing between samples - 0

sow

2 . Amplitude of spectrum - o

him Du
+ a

to → a 10/2 jnwot

=
Kong

.
1% / mouse

's'nw°tdt-ftp.t.fm eat.
- Tok

= stoma
.

÷
.Xcnwd- @

N(t)= + a jnwot

D ⇒ him Moh =lim{ Due

to → a

q→°n=
- a

From @
+ D

nets = sling
. stg

xcnwo

) ejnwot
n= - a



To = 21 as
To → to

NW
an → 0

Aw=wo

+ a juowt

not '=
tiwngo I. {

Xcnaw

) e aw

n= - A

TD

Ntt at f

xcw
) eiwtdo anyhow

w= - a LIFT £ → f
n w

Given xltl
+ a

CTFT Xljw ) = ) nets etw+ It → complex

: a

ICTFT net ) ;] xc w ) etwtdw
- a

NCH → real

IX.( w)| = IXC - w ) ) even Magnitude

Lxlw
)

= -

LXEI
odd Phase



Egg

1 . NCH =

8Ct:

X
( w ) = fsctsejwtdt

- a
- jwco )

+ a at to
, e =\

= fsctsdt t.to
,

sC#=o
- a

xqw
)

=i ME
1*1

w

2 . X( W )= SCW )

+ a

NCT )= ztf fscw) ejwtdu

:
-

21T

l . X ( w ) - Continuous in w as xct ) is aperiodic

2-

XCW
) - spectral density ( ztxcnowaw ) dint



nets Xlw )= tfatnateiwtdt
+ W

£H= whiffatfxcw) eiwt do

- W

; Inct ) - Ict )[It → 0

tea + a

true iff J lnctydt < •
Absolutely

t= . a
Itegrable .

Dinichlet Conditions for enisteuce of
-

CTFT of sect )

Sufficient

+1. Absolutely Integrated f) xctydt < a

→

2 . Any finite duration → finite number of

finite discontinuities in nct )

3
. Any finite duration → finite number of

Maniema and minima .



Basicsigahnectct
)

I . Rectangular

red . G) = ( !,
' tktz

.

z , lH=tz
- tz o

'

z
0

, IH > t nature2

rectctte) = (
i

,
H< E i

I , IH=~%
T > °

O , 1+1 >

4292
° 42

acts
z . Triangular

.

d( ⇒ = ( ' - 44 ,
HK ± .

0
,

01W
- y o

'

z

a Cthe )= { ' - 21%1
, Itktz on

re > 0
0

, 01W i

- Tlz o 42
3 .

Since since '

sine Ct ) =
sit

t '

, . At +  to
, since )= ' .at#fhn

2 . sincct ) =D
,

t=- hit
,

n= 1,2 , . . '

o of

3 . siucct )= siut . f-



egg nets =  neat ( ttf
+ a

XCW )= faectctteeswtdt
TfzIII.to -

. III.
...

=z÷g[em42_Esw%]=esin(w÷)=esinc(w÷

)m#→
,

Ee

w÷=n . w=zn#€¥¥o€¥÷n w

z
I

egg ×(w)= SCW - wo ) LXLWTO- IT -0 it-0

+ a

NCt7-ztefScw-woj@iotobo8Cw-wd-fm.d;w=wo
0,01W

- a

= eL÷* fjlscw . → do = edit
27T

21T SCW . wo ) #ejwit
<

F - jwot
ZT Scwtwo ) € e

←-



GI

zeft
) = Coswot mzcts = Sin wot

Xicw )=F[ aswot ]
× 'M

IT IT

=y[ DIED"t]
→ ° w° a

={ [ ZFSCW - WD + Scwtwo )]
XzCw)=Aj[8Cwtw°)

= I[S(w - w°)+SCwtw°)] - soo - wo ) ]

to jnwot → Fourier

egg Periodic much = { Due
series

Fourier
into

Transform
tF[x%c⇒]=F[ Issues'nwot]

Do
+ a

= { Du F[ et"w°t] p.zD.liDi Dz

n=t
- Zwo - Wo W° ZWO

+ a

=zi{Dn 8 ( w - nwo )±
 a

to iff w=n°°

+ A

eg .
7 Huit Impulse train go ( t ) = £ 8 Ct ' nt )

- n= - N

FS 1.12 Stott '

Dn=lqfs ,.CH eijnwtdt .

↳ to at to
- 612 Tyz

^  a

= -1 f s
, .CI's dt

- % -Tonto%kTo at .  . .

To =
.

1/10/2
a



a [ sect 'T It}nI.PCwnw°'
= woks

.

scw . and
woswocw)

we
= woswfw)

- 3w° - Zwo - wo
O wo zwo ZWO

>
°

egf seat = Eat wet )
,

a > ° •

×cw)= § e- ateiwtdt - fleets'→tdt=EYa÷Yf
°

a- jw a

= 1- = - take - Jaffe
atjw otto

|×(w)| =a.es#.=.tailfw1a)eg.9nCt)=uCt)
Unit Stet pwhat

-
a & w=0

XCw)= J Eiwtdt
= E÷?wt|o = } ×

for
. zsd

0
.

p

at
NCt)= him e

uct ) = uct ) µ
as ° >

t

X(w)= dingo a÷w2 - jawed S@ ) # It

=distant# =tsc→+÷

Isao do
=

tail #ftp.T.e at w=o



Set ' ' # tdmv IF

X a%w2

tat
soI

as a

few1 !
c- w

a

eg . 10
- Sguct ) = 2 uct ) - I

Sgnct
'

p

t

- 1

yffgnctif = zrffuet ) ] - ZITSCW )

= 2 FTSCW) tjtw] - ZITSCW )

= To lyw
# t.sn#



Properties
1 . Linearity

x. CA -7 X. ( w )

Nzct ) 7- Xzcw )

qnftltaznzct ) F- a ,
Xicwtazxzcw )

+ a

2 . Duality natztifxcweiwtdw

nets 7- xcw )
- a

.XC⇒
F- z ,

.gg#=.+fgnctieiwtdtPmtyGIf=gYxcaeiwtdt

-0

%wi=F[need =t§na. , eiwtdt

+ a

IFT sect '=¥gx( w ) etwtdw - @

in @ t →w
w → tztirtw

) =

ftjnxctejwtdt
-30

.



eg

nectcta) F- a sincere )

a sine ( tf ) 7- zitrectfuf )
= ztnect ( F)

of sect )= eat wet
,

a > o

3 .
Time scaling

sects F- Xcw )

seats

taxesy[ near ] = Than eitwtdt to't,=It .

a > ° =t+§nct's Ejwatldt'

F=→
,

t.to
^

A > 0
t=a ,

t
'

= a

÷±aYeEe!.at#enatsI+=a.aEIkI..taxc
⇒

= # ×l ⇒

t= - a
,

E '=o



lal > I → Compression

|a1< 1 → Expansion

eg
Cos wot

F- I [SCW - wo ) -1 Scwtwo ) ]

Cos zwot 7- IT [ SCW -
2wo)tS(w+2wD]

, zggzw.yg.mg )
Cos }wot

€ lzt§Cwz - was + S(¥+wo)]
"

=tI[s(way ) + s(wt÷woY

Scat ) = ,I, sat = I±g§cw- rwo ) + Scwtzwof

4 ' RCA 7- Xcw )

nth Is Xfw )

egj
NCH =

eat utt ) ,
a > o

XCW ) = 1-
a - jw



⇐
acts =

effect
) + eatuft ) sect )

- an
a > °

=e

HeadierX(w)= 1-
+ 1

atjw a - jw

= 2 a

¥2

5 . Time Shifting

NCE ) F- Xcw )

rf jwto
nct - to - e XCW)

F[ net - to )]= §akCt - to ) etotdt t '=t - to

dt
'

= It

= Bruce's eiwcttttd •
,

=
Into flynt' ) etwtldt '

jwto
= e X ( w )
= Coswto- jsiuwto ) XCW )



• Magnitude spectrum is same .

• Phase spectrum@cap = - • to µtai(tanEwtoD

Gi sect ) = Cos

wft
- to )

- jwto
XCW ) = e I [ SCW - wo ) + Scwtwo ) ]

OCW )= - Wto - Linear Phase

Nft) = Cos wot  + Cos zwot

Uzct ) = x. Ct - to ) = Cos wo Ct - to ) + Cos Zwo ( t - to )

#osC
wotzwotof+ Gsfauot-2_w⇒

n
't t

v
IT wo to =F¥42010@¥

gCw7=
- Wto

÷
- to

1-

W



b ' Frequency shifting

RCA F- XCW )

nct)ew°t # XCW . WD

jfnuseiwot] = ]Y net , eiwoteiwtdt

= Inch etcw ' → tdt

= XCW - wo )

- jwot
sect ) e F- Xcwtwo )

NCH Coswot F- lz[ XCW - w°)t×Cw+w§

£ @caeiwottnaeiwot]



Menken

nf XCw7
-

A

- ^
t w

carrion a §§(w- wo ) -1 Xcwtwd ]

nctcoswot -

=
- _A/2

\
-

- .
-

-
-

-Nwn̂
- wo W ° W

-
-

- -

-
.

-

-

-
-

C=fD

nctsaswot  = {
not ) coswot  

= +1 p

- nct ) Cos not  = - )

Amplitude Modulation - DSB - SC

° Frequency Division Multiplexing

• Antenna Design → small wavelength

www.#wo+=nCitfta=2oot)@txc+*wt



7 . Convolution

n.CH * MCA F- X ,
C w ) Xzcw )

n
, Ct ) xzct )

¥1
Xicw ) * Xzcw ) µ

+ a 2T

N , Ct ) * NZCH = ) x. C ⇒ Nzct - 2) de

;
Ymeas@Enx.cwseiwcteteufdew-r.t.wjjx.cwdwat.In.ca

etwtdedw

÷w )
+ a

n , Ct ) * net ) = ztf f Xi C w ) Xzcw ) etwtdw⇒
&

ICTFT

→
B 1130 stable

LTI Marginally stable except resonance

out ) yzft) =
xcththct '

hlt )

YCW) =  X ( w ) HCW)

HCw7=F[ hat ] J
-

Frequency Response



8 . Integration
net ) F- Xcw ) A ( w )

Inada -7 XCw)[

Iscwftj
's]

na*uI=
¥ Tt

} Nude  = )§n( a) uct - a) de  = net )* uct )

LPF

9 . Differentiation

nets F- Xcw )

Hcw )

duct ) F M
- - jw XCW )
dt

+ a

assuming )|ddnfI)dt < a

-0 v -
+ a

Hasty :# DEFeiitdt =

Eontaitsfgne;±fa
to

-

- jwt 0

= jw ) inCt ) e It
=jw XCW)

- a HPF



dunce F- (jw)" xcw )
dt

"

Distortion less Transmission

. ( w )=Hw)×Cw )XCW) Channel

HCW) =
ketwtd = kxcwjejwtd

Nct ) ytH=hH*nCt7

= knctntd )
• Attenuation or Boosting of amplitude of  nets .

• Time delay hCa= KSCT - td )
LAIW) y

Phase Delay

-
wtd

→ Linear
1Hcw)|phase

w



Energyofn#
.

+ A

En= J |na→Pdt

:a= ) sects

x.
* G) It

:
⇐

hymn ¥

.MX?Eosetwtdw

at

+ a

+ a

= ¥x*cw)|fnehetwtdt ) do

w= -2 t= - a

+ a

= ztf f X ( w ) ×* ( w ) dw

n÷- a |X(w)P
En =

It f |×cw)l2dw
→ Energy spectral

- a Density

Parswals' theorem



1-

1×412
ZF #;

lxcwspsw

'

w
a

time Unlimited

⇒
Band Limited

eg . Cos ,wot , exceptions
sinwoti

. ⇐ I
t% "

→ Graussian
I

- a < t < a
.

Unit Impulse Train

not@.
ret ( %) F- litfscw. a) +scw+w°)]

A
¥

* xsinccwe )
p

Limit  in Time Unlimited in

F[ st.

e- %rY
Frequency

- HW

Practical signals
time Limited =) �1� and Unlimited



Panseval's Theorem
.

en= .IT#Fdt=fffTlxmPdo →

toothy

For real net )
,

|Xtw)|=|XCw)|
→ even

En= ¥ ftatnlxcwpdn = as,÷§1×( a) Polio
•

y¥"\
=¥flx→Eho

•

°
w - w

Compete

# § gxcwgpdo while increasing W

÷
as w→d - En

we

Find we such that ¥ f|×( is Polio = 0.95 En

°

We → Essential Bandwidth of sect )



Ideal Filters

=µc⇒1=HC→

The → tue

,

n=Y?*dw7
In → 0 ( phase )

stop Band
passBand stop Band÷

W W

Haas : meet (F)
% -

w

had = FYHLCW))
2

= ¥ 2W since ( wt )

that = ¥ since ( wt )

hit )

•

wht Non .
Caused

- td

tankan
.



with a delay td

h[Ca=
Ya since ( wet - toe )

HL 'Cw)=neat (new) eiswtd
-

Noncash hid Linear Phase

=h< Ct - td )

am

IAIN
hpft) =hhCt) Uct ) # HICW) * ttscwtjtw

BW 2W A

Hitwy 7¥
HPCH - Practical LPF

.
ul

th
.w w



Bilakraltaplaahansform
+ a

XCS )= ) nets E staff  in some ROC

→ s=Ttjw

CTFT
- + a

XCw)= facts etwtdt
- a

jo cert

:  a

XCS )= X ( ttjw )

0=0 Xcjw ) = XCW) if ROC includes jw
axis .

of . neh= Eatuct)

XCS) = 1- Recs ) > - a ⇒+§pdaldt<
•

Sia

XCW) = jwtg = Xcjw ) as
ROC includes

jw anis .



GI acts = uct )

XCS ) = 1- Reg ) > o
s

does not include

S jw anis

X(w)=T@jtw

Xljo ) # xcw )

System Analysis - Laplace Transform

Signal Analysis - Fourier Transform

Time Domain not Frequency Domain XCW )

1 . Multiplication , . Convolution

2 .
Convolution z .

Multiplication

z .

Contraction z . Expansion

* . Expansion 4 . Contraction

5. Time Limited =) 5 . Band Unlimited

6 . Discreteness
6 . Periodicity

7 .
Periodicity 7 . Discreteness

8 . Delay / Advance
8 . Linear Phase

9. lime Unlimited ⇐ 9 .
Band Limited

10 . Impulse Response hct ) 10 . Frequency Response Had



Discrete Time Signals and systems
.

DT Signals

• Intrinsically discrete

eg . Monthly Income , Tan per year ,

stock closing value each day ,

Rainfall per day

• Sampling Continuous Time Signals .

nct ) → Essential BW = We Hz

TGR

n(n7 )
,

7 - sample spacing ( Sec )

NEZ

NyquistTheorem T < 1-
-

zwe

Sampling fg z 2 We fs = I
frequency man T

not )

÷ -

zwe

i

.  . . -37 -27 - TOF 27 37 .
.

.

n - -3 - 2 - 1 0 # 1  2 3



Continuous Time , Analog - Analog

Discrete time , Digital → Digital

XCNT )
,

n E Zt

x[ n ]
,

n EZ

• Energy

• Power
] × both

EnogysisabEn = { INCNIP
,

n[nI→° as t.nl → a

n= - a

⇒ En is finite

Powersigals
+ N

Pn =nhjmas÷+
,

{ 1n[dP → finite
n= - N

Period = 2 Ntl



egg
x[n]= n

,
n=O , 1,2 .

NFT
p

P

2

En= 02+12+22 = 5 1
.

r
°•

0 1 2 n

Nz[n]= n
,

n=0 , 1,2

nz[n+3k] =n[n] tk EZ

:
z[ D

R 2 z

I I I

- .  '

0 0
.

°

- 3 - 2 - 1
i

O 1 2 34 5 n

÷1 3

+ 1

Pn= 1 { |n[nJP
3 n= -1

= } [02+12+22]

= Is



Sigualoperatiousl
. Delay / Advance

x[n ]

raft = x[n -5 ] → delayed version of

F n[nT by 5 units .

integer
Nafd = n[n+2] →

Advanced version of

N[n] by 2 units .

egj mad

:
°

• >
n

0 I 2

RdfnJ=x[ n -5T

2

I

:iitn
Naff = n[ntD

2

I

o
.

- z - I 0 n



2 . Time Inversion

Rnfn ] = x[ - n ]

Reflection across amplitude axis .

3 . Time Scaling

• Decimation / Dounsampting

x[ n ]

£[n ] = x[

an
]

mad 3 z
nffr ]

2

'of 1

0 I 2 3 n

£[ of =n[o]
,

off I = n[z]
,

Z[ 21=0

frfn ] = n [ MD for any + ve integer M

→ n^[n] retains only the every M
th

sample of

sefnj



• Up sampling

k[n]= n[ ntd

nfn ]

few 3 3
3 3?z \

1

0 0 0

0 1 2 3 4 567Nn^[oI=n[°] ,
^n[ ] to

, fe[z]=x[ is
,

n~[ 31=0 ,
Z[ D= xfd

n^[ 51=0 ,
k[6]= mfs ]

had = n[%] L→ any + ue integer

zffn ] retains values of NUT in every
Lth sample .

fcfn ] =O in other samples .

Application

Image Super -
resolution



Fear ] = x[an+b]
,

a ,b → integers

I . Shift n[nT by b samples

2 . Scale andlor invert based on
'

a

'

.

Basi=ngk

I . Unit Sample

s[n1= {
"

'
" =°

kroneckeg
,n ,

Delta
O

,
01W

said
. .

8[n . m ] = {
1

,
mm o m n

0
,

01W

2 .

Unit Step u[n]

u[nI= {
'

1 → °
•

. .  . ,
i.

0
,

n< 0

0 1 2 3 4
n

Said = U[n] - u[ n - i ] Sci )= did
at

a

u[nI = { S[ n - kJ Ufd =§oS[o . n ]
=,k=°

J n=0 , 1,2 , - . .

k=o



3 ' Complex Enpouutial

In
e

,
NEZ

a

meat
⇒ e°= 1=2

= 8 read⇒129<1• ' na> o ⇒ level> i

em =
8

"

*'
=

er
.eitCast T=0

let 't|e°||eM/ =

1=1.1Casey 5<0

fejr |

¢ / = let I < '

= loss .tjsinsrl
:' | = 1

Casey T > D

let 1 = let 1 > 1

a'

11



a

je Time) 8 e

Iron

-
5<0

s > °Red^ Ret )¥ .

Sinusoids - je anis or unit circle

Decreasing or inside unit circle

Enpouatials
- LHP

Increasing

Enpouafiab
-

RHP or Outside unit circle

4 . Discrete Sinusoids

p
sample

nfnI= c cos ( In -10 )
T T A

phase in radians
Amplitude radians / sample

ZIF =D
, f= 5¥ cycles / sample



8

eg . i 7

2 6

m[nT= Cos (aIn  + Is ) 3

a
5

- m=
1

I =I Period
a

" adlsampu

the
¥ = 8 samples)

F= 1- cyekslsampw
Cycle

8

nzfd = cos ( of + ID

No

=pm§
- for integer

D= ly radlsampk
q

F  = gt cycles / sample
'

=880

a All DT sinusoids are not periodic

• F → rational for periodicity .



Cos ( Rn ) = Cos ( scntno ) ) for some

integer No

= Cos Cents )

@Io
= 2AM

,
m → integer

Chapter 9

Coscrntzitm ) = Coscrn )

I =
2 't (F.)

No = 2T (mfs)

No = in

f- ,
for integer m

Conditions for periodicity

1 . I → 2T times national

2 . F → rational

3 . No → integer
No . of samples required to reach

2 Fm ( @ No → 2AM )



9
cos ( 3¥ n ) 6

- 3

r

4 8

No = 21T m- 7 5
A z

taffy .
m  = ÷ me smallest  integer

m =3

5 . Complete Exponential

eds
"

= cos rn  + jsinrn

/ ejrnl = 1 -
lies on unit circle

Position → Rn



Discrete time Systems

÷'

mean vs Non - linear

2 . Time Variant Vs Time Invariant

3 . Causal Vs Non . causal

4 ' Memory
Vs Memory less

5- Stable Us Unstable

6 . Invertible Us Non . invertible

DT LTI Causal

egjl
Bank Balance

y[n] → Balance at  n ( including deposit
atn )

n[n] → Deposit made at n

r → Interest Rate .

PFBalan.at#y_DeposityfnJ=yfn-T+nyfn-iT-xfuT



ESI Differentiator

YCH = II.

YCNT ) =
him XGD - x¢n -1) 7)

T→0 =

y[ if =
n[n] - n[ n' D 1 → 0 C very

BW - ) small )
Difference T nor

'M
send

FW
y[ny=

n[ ntif - nay xfntsnat

Difference g-

Mppfncnt

D

.in#nntleg.3_
Integrator Central Difference

t y[y=N[nt'I-rfn=
YCH = face) dz

27

-:
ycnt ) = { x( we ) .

T

k= -
to

see

YET = ¥£n[ a ] -0

k= - a

ni

y[n - if = T { n[ k ] - �2�

k= - a

Y[ n ] - y[n - D= T x[ n ]



DT LTIsystem
- Constant Coefficient Difference equations .

n[n ] yfn ]

current 211

1 Sample

y[ n ] + a , yfn -  ' I + .  .
.  + an yfn - n ]

( = b x[ it + bµ.m+qfn'T + .  .
.  +bnnfn -NT

✓
N - M

L @
Yfntnf + a ,y[n+n - if + .  .

.  + an . iycnt ' ] + any [n]

= bn
. m

x[ ntm ] + bn .m+p[ntm - it + . . .  + bn .p[ nt 'T -1 bnnfd
L �2�

If M > N
, yfntn ] depends on n[ ntm ] → Non . causal

for m=N ( Generalized causal ) Causal ⇒ mgn

0 ⇒

y[n] + a , yfn . it + .  .
.  + any [ n - N ]

= bo n[n] +
b

,
n[ a 'T + .  .

.  + bn n[n - N ]

L �3�

�2� ⇒

y[n+n] + a , y[ ntn - it + .
. .  + any [

n ]

= bo n[ ntn ) + b
,

x[ ntn - if + .  . .  +

bnnfd
L@



g. Recursive Method
y[n] = yfn - if + 3x[n]

yfif =4
,

n[n1= 0.5
"

total Response

n=0
y[°I= y [ . if + 3x[°]

= 4 + 3×1

= 7

y[ it = y[° ] + 3n[ if

= 7 + 3-
z

= 172

.

a

.

Causal LTI system

yfnI = you + yzsfd
total zero Input zero state



F- → operator

E Y[ n ] = y[ntD End =x[ntD

E2yfu] = yfn+2] E2x[ n ] = nfntz ]
,

1
,

,
\

.

Ennqif = n[ntN]
IN y[n]= y[ ntn ]

�4� ⇒

( Enia
,

EN
"

+ .  .
.  + an )yfnT

= ( bo Ent b
,

Entt
.

.
.  + bn ) nfn ]

QCE ) y[ n ] = PC E) x[nT D →d-
dt

Zero Input Response
-

yo[nJ

Solution of

QCEJ you =o

Yo[uI=apk )

E Dk =
2. 8k EN8k= 8N .

8k

E 27k = 82
.

8k
'

:



Q (E) c 8h = o

( sent a
,

8
" ' '

+ . .
.  + an )c7÷

For non - trivial solution

8N + a ,
8N 4

+ .  . .  + an = O
8

, ,
82 ,  

. - .

,
8N

→ Characteristic
roofs

QCD =°

an
,

re
,

.
.  . in

"

( 8 - 8.) (8-82) . .  . ( w - 8D = 0
→ characteristic

modes

Cast fi 's are distinct and real .

Yo[ if = C
,

81
"

+ cz 82
"

+ .  .
.  + Cn 8N

"

Casey of ,
→ repeated '

r

'

times ,
real

Yo[ n ] = ( a ,
+ czn  + c3n2+ .  . .  + Crim

' ) 81

+ cm ,8rI ,
+ . . .  + Cn 8in

Case 3 8
, ,

82 are complex conjugates
-

8 ,
= 171 edB 82=121 EJB

yofn ] = a 181 "Cos(put 0) + cos 83
"

→ .  . .  + cn8n
"



Ege 1 . yfntiftzyfnt 'T + YIN ] = znfy

( E2+ 2 E + D y[ if = 3

seamyf -21=1 , y f- D= 3

→
Initial Conditions

o 0

you = @,
+ czn ) GD

"

you = (-7+-44 C- D
"

91 ( E2+5E + 6) y[nT = ( E2+ 3) ntn ]

Yfif = I
,

yfl ] = 2

• °

Yo[nI= c ,
C- 2)

"

+ cz C- 3)
"

you =

YCNT = yofd + Yzs[n]

You yofyt Yzs [ d

p

.  . . -3 -
i : do!

'

z ;
"

↳ . . .

n

nfd applied



Unit Sample Impulse Response

S[ n ] Causal h[nT

, LT I

0 h zero state

.  . . = h[ - 3) = hF2] = hf ' ] = 0 ( causal )

Q (E) yay = PCE) x[n]

Rfd =S[n ]
,

y[n ] = h[n]

QCE ) h[ n ] = PCE) S[n ]

g
h[wJ= AoS[ it + yc[nJ u[nT

Qf⇒y¥h}characteristic modes

Q (E) Ao Su = PCE) S[ n ]

Ao [S[ ntn ] + aisfntn - if + .  . .  + an . ,S[ ntit + an scud

= boscntnf + b
,

Sfntn - if + .
.

.  + bnscd



When n=O

Ao An 8[ of = bngqoy
S[nJ= {

1
,

n⇒

0
,

01W

Ao an = bn Ao =o when bn=o

Ao = bnan

h[ n ] = bn_ S[ n ] + yc[nJw[nT
An

I @2+3 Eez ) y[ it = 4. not

h[ n ] = Yc[n]u[ n ]
271 Causal

hF2]=0

( E2+3E -1 2) h[n ] = 4 S[n ] nf it to

h[nt2Tt3h[ntD + 2 h[ n ] = 4 S[n
.

]

n= - 2 n= 1

h[ 0 ] = 0 hfg] =
- 3h[ 2 ] - 2ha ]

n= - 1 h[ 3 ] = - 12

hf . ] =O n=2

h[ 4 ] =-3 had - 2h[ 2)
n= 0

hfs ] = 4
h[4] = 28



Impulse Response hfn ] = bag Sat YcInTu[n ]

÷Causal System
y[ n -12T - 0.6 yfnti ] - 0.16 yfn ] = 5x[ ntz ]

QCE ) yfn ] = PCE )x[n] an = - 0.16

bN=O

QCE ) = EZ 0.6 E - 0.16

PCE ) = 5E2

Q ( r ) =o solutions are characteristic roofs ,

22-0.6 N
- 0.16=0

@- o .8) (8+0.2)=0

D= 0.8
,

-0.2

yc[ n ] = a ,
@8)

"

+ GC . or 2)
"

⇒ h[

nI-fGCo.DhtczC-o.2BL@4nThFB-O.h

[ -2T =D g[ of =\

- -
'

n= -2
,

n[nI= 8[u] ,
yfn ] = h[u]

h[o] - 0.6 h[ - i ] - 0.16 hF2 ] = 5s[ o ] ⇒ h[o]=5

" = "
ha ] - 0.6 h[oJ - 0.16 hf . if =5s[i]⇒h[ 17=3

h[° ] ,
h[ if in @ 5  

= C ,
+ cz

G=4 , G = 1

3 = 0.8C ,  - i. Zcz



⇒ h[uJ=[4 Co. 8)
"

+ G.o.rs)"]u[n ]

Total Response

y[nT= You tyzscn ]

Y[nT=Yo[n] + x[nI*h[n]



Zrotstabepesponse
LTI

x[ a ] y[ n ] =  n[nI * had
- had

to

= { x[ k ] h[u - k ]

k= - a

+ A

nfn ] = { n[k]8[ n - k ] - weighted Sum

a- - a of shifted unit

8[ n - k ] = |
I

,
n=k

impulses.

0
,

ntk

S[ a ]
h[ K ]

8[n - k] hfn - k ]

x[h]8[ n - k] x[ of h[ n - k]
+ a

+ a

n[nJ={n[k]8[ n - k ] y[n]={n[k]h[n- k ]
k=  to k= - a

Properties

.
Commutative x. fit * xz[n] = xzfd * x , [n]



2 . Associative

@[ n ] * xzfn ] ) * xz[ if = M[u] * (xz[n]*xz[n] )

3 . Distributive

x. [ in ] * [ xzfn ]+Nz[nJ ] =
MET *  k[ " I + m[nJ*x3[u]

4 . Delay

C[ in ] =
x , [ n ] *  xz[n]

ni [ n - ki ] *  k2[ n - kif = C[ n - k
,

- kz ]

5 ' x[ n ] * 8[ n ] = xfn ]

6. width width

x. [ n ] → L
,

Nz[n] → Lz

x ,[n] *  kin ] → L ,
+ Lz - 1

7 .
Causal → x ,[u] & xzcn ]

n

n ,[u]* Nzfif = { N ,[ a ] xzfn - k ]

k=O



Causal

nzfk ]F° mad to

p

K

n - ve ntve

esj Tape Method

x|[n] 4=6 Nin ] Ls =3

2 3 - 1 4 1 3 3 l Z

T
p

n 0
1 2 3 4 5

n 0 ' 2

n

y[n]= { ni [ it Nz[ n - k] as  x. In ] ,
nz[nJ Causal

k=0

x,[bT_

xz[ 2- hit

2 3 -1 4 1 3
2 13 y[2]=4

^ ^
1 1

0
°

nzfkf kz[ 3- k]
y[zT=

2 1 3 0 2 1 3

p y[°]=6 p
o

o

xz[ 1 - k]

L ,
+ La -1 inner products

2 1 3

p Y[ D= 11
g

°



Ray
3 hfn ] y[n]

A Discrete Example •

z sci
- II .

so
.

2 1 0
0

n[ n ]
,

h[ n ] - Finite length sequences . 1-
°

Z nor
' had

~
.5

D no

? myths is

1 .

05 •

O I 2 " 2
n

n[n3=hfnTµ5
not

. is

s ,
o

,
>

y[ 01=0.5
0 I 2 n

art 3 y[ D= 2.5

nai
i a. 5 yqA= 7

a is
it yqT=9i5

N 2 3 n

a as yµz=75
he

'

Nfl -

=zh[
"
⇒

1.5

0 1 2 3 4



@ na ]
3 Nitnsifinner products

y[nI={n[b) h[n - kf

2 k

={
afpfhfk] n[n|→N ,

1 yff hqy→N2
K

0 1 2

knfPqDa5hfD@Resfromeht5Dnzd.5nTi.s

due to 1.5
-

C- mad o.se÷>
- 2

- l

Ong
, by K 0 1 23

% 5

←Response h[4-k]2.5nAi. 5 to r 1
,

.5

not due
a -

0.5 µ[ D
•

. )

← >
- 1 0 1

h[z - k ] go ) K 0 1 2 34 k
n ncda.

5°C
,.s/add

- d y[o]=nfk]•hEk)
0.5

= 0.5

> ya ]=n[

D.
hfrkf

0 I 2 W
-

= z< 0

Y[ IN

,tNZj{z]=7

,
y[ 31=9.5 y[ a ]=75



eg may = @.8) "

nay,gfnT
= (0 i 3)

"
U [ n ]

→ Causal

C[nT=  n[nT * gfn ]

n
n - k

= { Co . 8)
k

. ( i. 3)
k=o Finite GP

= @3)
"

§o (oo.dz)k →
an

seed

cozy foes )"I ,
agent

'
. , )

= -

-
7- 1

am - i

= ¥0.3@is )
" '

- @3)
n t '

÷#(0.8-0.3)=2[0.8*1-0.5+1] u[n]

y[n+2] - 0.6 y[ nt 'T -0.16 y[n] = 5 x[ut2]

G- y[n] - 0.6 yfn - if - 0.16 yfn - of = 5 m[n ]

x[nI= @.  25 ) "u[n]
FEZ ] = 1) Yofi ] =3

zero Rfmt zero state

yfn ] = YOCD + n[nI * h[nT=7.

-96
( o . 8)

"

t
, ,gfo.2)

"

+ ( 0.25 )"u[n] *

( [ 4 Co. 8)
"

+ Go.z )Yuk ] )



stabilityof_D.es causal )

1
. Zero - state stability - B 1130

2 . zero - Input stability - Asymptotic

1 . 131130
zfn ] yfi

h[ in ]

Bounded Input |x[n]|< k ,< a

|y[nII=/§]m[" h[ "  ' ⇒ |
< §g%nce]1 then . Dl

+ a

< k
, { Inch . k ] /

k= - a

/y[n]| < a

|y[n]| < K
, kz where K ,

Ld
,

Kz< a

+ a

Therefore g|n[D) < •

k=:For Causal
{ |h[n]| < °

k=O

Impulse Response → Absolutely suumabk

⇒ BIBO stable



2 . Asymptotic stability ( Causal )

yo[ in ] → zero input response

you =§l,a8i
"

where 8ps are
roots of Q( 8) = 0

8=101 ejp

ftp.z/nejPn
-

Cast
18.1=1

⇒18,1"

= 1 for some
i

⇒ Marginally stable for others Hit c. 1

Case 2

-

18,1<1
for all i

C ;
8in → Exponentially Decreasing

=) Asymptotically stable ⇒ BIBO stable

Case 3
- 18 :L > 1 for some i

Citi → Enponentially Increasing

⇒ Asymptotically Unstable



g
Marginally

stable ( unrepeated )

Unstable

stable
>

Re

T
Unit circle

Asymptotically
n HID Causal system Is

1 . Marginally stable iff all chance . roots ( 8D

lie inside the unit circle except few unrepeated

on
the unit  circle .

z .
stable iff all Chan .  roots ( 8D lie inside the

unit circle .

3 . Unstable iff atleast one char .
root lies

outside the unit circle or atleast one repeated

char .
roots on

the unit circle ,



LTID

x[n]= Z
"

h[ n ]
Y[ " ]

z c- ¢

Zero - state Response
+ a

Y[n] = { h[ KT x[ n - KT

k= - A

+ a

= { h[ KT zn
- k

k= - a

+0 - k

= z
" { h[k] z

k= - N

ya = zn H[Z]
+ a

H[ z ] = { h[n] E
"

-
Transfer function

n  =D

If Causal
+ a

H[z ] = E. h[ n ] En

n=O

Q (E) y.fr] =P[E]x[n ]

QCE ) z
" H[ ZT = p[ ET z

"



( Ent
a

, EN
"

+ .  . .  + an ) E it [ z ]

N
-

N - I

= ( bo E + b
,

E + .  . .  + bn ) z

"

( znt a
,

ZN
"

+ .  . .  + and z
" H[Z]

= ( bozntb ,
ZN

- '
+ .  .

.  + bnfzn

Qfz] zn H[zT =p[ z ] zn

H[Z] =

P[ A

QTZJ |
when x[nT= Z

"

Z - Transform
.

+ a

Bilateral
×[ ⇒ = { sea E

"

n= - N

x[ it = ¥ . § ×[z] zntdz



Unilateral Z - Transform

a

X[zJ={n[ n ] zn ( Causal )

n=o

Existence

|×[ ⇒ |< •

gonna
n=u

⇒ |§gn[nTEn|
< a

1+x+n2+ .  . .

⇒ §a1n¥y< .

=÷n .
ixia

n

na

< I
IOEI < 1

n n

E ttzt
izl > in

neo

for any n[nT
, if we can find no such that

.x[n]

< non ⇒ z Transform exists

- Infinity
Any signal may growing

not faster than

exponential has an Z - Transform X[z] .



Any finite nfn ] → Always has Z - Transform .

Eg .

-
-

k

I . S[n - he ] £- z

£ 8[ n ;DEh = z
- k

n=O

z Z

2 . u[ n ] -
-

z - 1

Es uaIE
"

= §P En

111<1
= 1-

1- I 12-1>1
Z

= I
z - I

z

3 . 8
"

u[ n ] Z_ -

Z - 8

E. one
"

= § (÷y

=
1-

lzl > 181

1 - 8
Z

= Z

2=8



Properties
.

Addition
F

1 . x. [ NT + nz[ n ] -

Scaling z
2.  a x[nJ -

eg .

3 . Right Shifting
z nad 3 4 56 7

n[ n . m ] u[n - m ] - p
°

( xfn -

m]uLnT#
n[nAuo[not , 6 p

p

:pud- n °

{ x[ mm ] Z
x[ n -2 ] uln ] ✓

n - m=rn=mA 3 4 5 67

= { n[ it z
' ( rtm )

p

r=0
0

= Em§gxF] Et = Em X. [ ZI

A

Z[nCnm]u[u]] = { x[ n - mjz
' " n - m=r

n  =m+r
n=0

=

.
.§mn[dz.cm?.zimf&mncnEr+

- i £n[r ] Er ]
=Em×[z ] + z=m{ngizrrto

n= - M



4 . Left shifting n[n+m]u[ ntm ] £→ zmX[Z]
-

n[n+m ] u[nT & 1/11 11 1
T
O M

§gK[ ntm ] z
- h

ntm=r

#

=§gn[ nzt
.ME#pncnErIlnuF]

2

mtnqrgzor
k[ht2]uCn

.t2]
z Xftf

= zm×[z] - zm { O O 5 6 7
- T

r=o 0

Mln ] 3 4 5 67 N[nt2]u[n]

-2 -1 To 1 2 0 0 0 0 7

T
g. 8

"

no ucn ] £ X[Eg] o

Io Freemen =§gncn]¥jT
= XEEI

6 . nnfn ] ufn ] -7 - zglz (×[zD

. zddz(×[Et) = - z dgz(§→ntnIE " )

= - I£ - nx[n]z-
" "

a
n=o

= { nxfn ] z
- n

n=o
-



Time Convolution

7 . ni [ it *  nzcy 2- Xs [ Z ] Xz[Z]

z[ x. [ it * rid ] = .§ ( Egan ,[ a ]xz[ n - B) In

- d

n - k=  m

n  = m  + k

= EggEEmda.cm]±emt±s+ a

= £°se,[ kit Ek { nz[ in ] Ek

k= - N m= - a

= X ,[Z] Xzft ]

Time Reversal

8 . nfns Is
, X[tz]

+ a

E. nfn ] En n= - m

v.
 - II. nadzm =§I.nu#m=xEt

Initial Value X[Z]=x[°]t k¥1 + . .
.

9 . n[ of =
tin Xfz ]

-

z→x

Final value Hhf
10 .

nhjma x[n ] = zkjm
,

G- DXIZ ]



stability
- n[nJ y[ n ]

Transfer Function
hqny

⇒

H[z ] =
P[I Differ .

Q[z] =n[n]*h[z]

a

Hft ] = { h[n]E
"

Impulse Response

n=o

Yzsfit ] = X[z]H[z]
]

H[z] =
YZs[Z]_ Zero state Response

X[z]

Roofs of Pfz ] → zeros

Roots of a [ ⇒ → pofs } of HIH

No common roofs

LTID Causal system is
PFH ,

QFEI

i. Asymptotically stable iff all the poles of H[ ⇒

tie inside the unit circle .

2 . Marginally stable iff all the piles of HEZT

tie inside the unit circle except unrepeated poles

On the unit circle .

3 . Unstable iff atleast one pole of HIZT ties

outside the unit  circle or there are repeated poles

on the unit  uncle .



ZGi
, . nu[nT €

¥52

- zgtzftcu . ) ) =  → date ,)= - the ]
CZ - c) 2

=±
⇐ .D2

z .
8 "u[ n T 7- Z/z

×EI= #
= I

3 .

n8
"

u[n] 7- -Zdgz(¥D
= 8Z

←-8)
2

4 . Cospn
um HI

= ejBn+jjBn
ncosponucn ]

← ) ul it
nstncospnucn ]

= } µB)
"u[n]+EBYucd ]

1£

I [Igp + z¥f;D



Hfz ] =
32-+5 -1

LTID system ( Causal ) - ¥ h[ n ]
- Pat ← 2-2-52-+6

off

i. y[ ntz ] - 5y[ nti ] + 6 y[nT = 3 x[ntD + 5x[ n ]

yfif = 11/6 , y f- 21 = 31 n[nT= Co . 5)
"

u[ a ]

→ 36 )

y[n] - 5 yfn -  ' ] + by [ n - 2 ] = 3x[n - D + 5x[n - D

y[ ⇒ . 5[±HzI + ⇒ +6€ # the +3¥]=E'IF.SI#gE.s,
z LD

as ×[ A = -

z -
0.5

y[n -2 ] ufn ] 2- lzz Yfz ] + lzyfl ] + yfz ]
m=2

yfn . it ufn ] € ¥ y[ z ] + YFD me 1

x[mm]u[n] F- EM×[z ) +Em ,§lmn[ it Ei

nfJ=@5)
"

u[n] 2- Zz-0.5

nfn -2 ] #

z-2z=@5)
" →

u[ in -2 ] Z -0.5

n[ n - if
Is E'z=

Co . 5)
"  ' '

uqn . , ]
Z -0.5

@ ⇒ (y[zI- 5zy[ ⇒ theyftp.t# +3ft.

⇒=
3

Zero input

2=0.5+52-(2--0.5)



[ 22-52-+6 ] y[ ⇒ = ⇐ +3) + 32¥
- z ( z - 0.5 )

z2 yzsfz ] = Hfzfxfz ]
= 32-+5 z

y[z]=
Z2f¥ + 3)

Edczzts
) Eto

.

Fors

-+2-2-52+6zy(2-2-52-+6) ( Z -
05 )

Yft ]
=

37 - 11
→

32-+5
-

÷
€-3 ) ( z - 2) ( z - 3) Cz - 2) CZ -0.5 )

E⇒=±
. ÷ .+÷s- IE ties

:a = EE - ÷I + EE - Ib÷tI÷
⇐z] Yzsfz ]

y[ if = 5 (zTu[n ] - 2 (3)"
u[nT + 5.6 ((3)

"
u[n]

÷[ n ] - 7.33 (2)
"

u[n ] + 1. 7336.5J
"

ufd

.zsfn ]

y[n] = - 2.33 (2)
"

u[n] + 3.6 (3)
"

ucn ] + 1.733 .co . 5)
"

ufd

F- ¥3
Forced Response



2 . Yfn ] + 3y[n - D + 2y[n -2T = n[ n - if + 3 x[ n - 2)

n[nT= u[ n ]
, y [ o ] =L

,
YED = 2

y[nt2]+3y[ at '] + 2y[n ] = x[n+D + 3nA

×fzI=z2÷ ,
Hft ]= Zt3_ =2-+322+32-+2€+2 )(ztD

= 2- - 1
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